Let R[G] be the group ring of a group G over an associative ring R with unity such that all prime divisors of orders of elements of G are invertible in R. If R is finite and G is a Chernikov (torsion F C-) group, then each R-derivation of R[G] is inner. Similar results also are obtained for other classes of groups G and rings R.
Introduction
Let B be an associative ring not necessarily with unity 1. An additive map δ :
The set Der B of all derivations of B is a Lie ring with respect to a point-wise addition and a point-wise Lie multiplication of derivations. The zero map 0 : B ∋ r → 0 ∈ B is a derivation of B. A ring B having only zero derivation (i.e., Der B = 0) is called differentially trivial (see [5] ). The rule ∂ a : B ∋ x → ax − xa ∈ B determines a derivation ∂ a of B (so-called an inner derivation of B induced by a ∈ B). If δ ∈ Der B is not inner, then it is called outer. The set IDer B := {∂ a | a ∈ B} of all inner derivations of B is an ideal of the derivation ring Der B (see [27] ).
Throughout the paper p is a prime, Z the ring of integers and N the set of positive integers. If X, Y ⊆ B, then a subgroup of the additive group B + generated by the Lie commutators [g, h] = gh − hg, where g ∈ X and h ∈ Y , is denoted by [X, Y ]. The commutator ideal C(B) is an ideal of B generated by the set [B, B] . Furthermore, ann K = {r ∈ B | rK = Kr = 0} is the annihilator of K in B, F (B) = {a ∈ B | a is of finite index in B + } is the torsion part of B, P(B) is the prime radical of B, i.e., the intersection of all prime ideals of B, and Q(B) is the classical quotient ring of B (see e.g. [38, Chapters 2 and 5] ).
In the next R is an associative ring with unity 1, G a multiplicative group and R Z is a direct sum of card Z copies of R. The torsion part of a group G we denote by τ G and the set of primes that divide orders of elements of τ G by π(G), respectively. Let ∆ + (G) be the set of all elements g ∈ G of finite orders such that |G : C G (x)| < ∞. The center of a group (respectively a ring) X we denote by Z(X). is the subgroup of the normalized units of R [G] . It follows that (2) [U(R), V (R[G])] = 0.
Finally, any unexplained terminology is standard as in [14, 22, 24, 43] . Smith (see [44] ) was first who started to study the derivations in group rings. For instance, she showed that in group rings of torsion-free nilpotent groups always there exists an outer derivation. In certain papers (see [21, 44, 45] ) the properties of group rings R[G] such that its every derivation is inner were studied. In [21] it was proved that R-derivations of a group ring R[G] of a centerby-finite group G over a semiprime ring R, where char R = 0 or every prime char R / ∈ π(G), are inner. In [16] Burkov proved that every K-derivation θ of a group ring K[G], where K is a commutative ring, G is a torsion group and the order of each element of G is invertible in R, is generalized inner (i.e., there exists a ∈
. Derivations of certain rings were investigated in [2, 3, 6, 7, 8, 9, 10, 31, 32, 33, 34, 35, 36, 37, 42, 45, 48] .
Our main results are the following Also if R is finite and G is a torsion F C-group, then every R-derivation of R[G] is inner (see Corollary 4) .
Recall that a ring B is prime if, for any ideals X, Y of B, we have XY = 0 implies that X = 0 or Y = 0. A ring B without nonzero nilpotent ideals is called semiprime.
In [29] Kaplansky has conjectured that the group algebra F[G] of a torsion-free group G over a field F has no nontrivial idempotents. We prove the following. Theorem 4. If R is a prime ring of characteristic = 2, 3 with the non-central unit group U(R) and G a group such that ∆ + (G) = 1, then the following conditions hold: A Lie ring D is called nilpotent if γ n+1 D = 0 for some n ∈ N, where
The least such n is the class of nilpotency of D. If n ∈ N and x 1 , . . . , x n , x, y ∈ B, then the left normed commutators are defined inductively:
where γ n+1 B := [γ n B, B] for integers n ≥ 1. If γ n+1 B = 0 and γ n B = 0 for some n ∈ N, then B is called Lie nilpotent of class n. Each associative ring B can be considered as a Lie ring B L under operations "[−, −]" and "+", which is called the associated Lie ring of B. It is easy to see that an associative ring B is Lie nilpotent if and only if the associated Lie ring B L is nilpotent.
The least such n is the derived length of D. The derived chain of B is given by As an immediate consequence of the previous result we obtain the following. The set of all sequences {D n ∈ Der R} n∈Z such that D n (a) = 0 for every a ∈ R and almost all n ∈ Z we denote by LF (R). Evidently, LF (R) is a Lie ring with respect to an addition "+" and the Lie multiplication "[−, −]" defined by the rules:
where {D n } n∈Z , {K n } n∈Z ∈ LF (R). As in [7, 17] , the family LF (R) is called locally finite. The next result is analogously with [7, Theorem 2].
Theorem 7. Let R be a ring. If G is a countable torsion-free abelian group, then the following conditions hold:
In section 4 we prove that the behavior of the R-derivations of a group ring R[G] of a nilpotent group G with some restriction is very similar to the nilpotency property of derivations (see Proposition 5). A ring R is called n-torsion-free (n ∈ N) if the implication nx = 0 ⇒ x = 0 is true for each x ∈ R. (iii) It is easy to check that
Solders and central derivations
Lemma 2. Let h be a solder of a ring R. The following conditions hold: 
(v) In as much as h(e) = h(e 2 ) = h(e) + h(e), we have that h(e) = 0.
The subgroup of a group G generated by the set {g n | g ∈ G} we denote by G n . The exponent of a torsion group G is the following number exp(G) = min{n ∈ N | x n = 1, ∀x ∈ G}. Proposition 1. Let R be a ring, G a group and n ∈ N. The following conditions hold:
for any r ∈ R and the result holds.
(ii) It follows in view of the part (i).
(iii) The map L δ : g → R[G] + is a group homomorphism for any δ ∈ ZDer R[G] and g ∈ G by Lemma 1(iii). Using facts that g n = 1 for g ∈ G and
we deduce that L δ (g) = 0, so δ(g) = 0.
(iv) In as much as δ(G) ⊆ ZDer R[G], the map L δ : G → R + is a group homomorphism by Lemma 1(iii). Hence Eqs. (3) hold for any g ∈ G and n ∈ N. Since nL δ (g) = 0, we deduce that δ(g n ) = 0. [49] ). The set of all central
Proposition 2. Let R be a ring and let G be a group. The following conditions hold:
(iii) if G is a torsion group such that π(F (R)) ∩ π(G) = ∅ (respectively G is an abelian divisible torsion-free group and nR = 0 for some n ∈ N), then
Proof. (i) Obviously, because δ(g)r = δ(gr) = δ(rg) = rδ(g) for any g ∈ G and r ∈ R.
a) If G is torsion and n = |g|, then
this gives that δ(g) = 0, so δ = 0. b) Assume that G is abelian divisible torsion-free and nR = 0. Then nL δ (g) = 0 and Eqs. (3) imply that δ(g n ) = 0 and thus δ = 0.
(iv) If g ∈ τ G and |g| = n, then δ(g) = 0 by Eqs. (4) .
for any g ∈ G by Proposition 2(i). In as much as R is |g|-torsion-free, we conclude that δ(g) = 0 be the same argument as in the proof of Proposition 1(iii). Hence δ(G) = 0 and consequently δ = 0.
in a differentially trivial ring R, Theorem 2 implies the following.
Corollary 1. Let R be a differentially trivial ring. If G is a torsion abelian group such that each prime p ∈ π(G) is invertible in R, then Der R[G] = 0.
Locally inner derivations
is called locally inner (see [26, 30] ) if, for every finite subset F ⊆ R[G], there exists an inner derivation ∂ x ∈ IDer R[G] (depending on δ and F ) such that
The set LDer R[G] of all locally inner derivations of R[G] is an ideal of the Lie ring Der R[G] (see [25] ) and Lemma 4. Let R be a ring and let G be a group. If H is a subgroup of G such that each prime p ∈ π(H) is invertible in R, then the following conditions hold:
Proof. (i) In fact, from proof of Lemma 3 it holds that x := x H is of the form (5) .
If R is a differentially simple ring (i.e., R 2 = 0 and R has no proper (Der R)-ideals) with a minimal two-sided ideal, then (see [13, Main Theorem]) the ring R is simple or there exist n ∈ N and a simple ring S of characteristic p > 0 such that R = S[G], where G is a direct sum of n copies of a cyclic group of order p. Therefore, Lemma 4(ii) is not true in the modular case. This corollary earlier was proved for a finite group G and the following rings R:
• R is a semiprime ring with some restrictions (see [ ) and we conclude that for every element g ∈ G there exists its minimal polynomial m g = X n + a 1 X n−1 + · · · + a n−1 X + a n ∈ Q(R)[X].
Then bm g ∈ R[X] for some 0 = b ∈ R. If δ ∈ Der R R[G], then 0 = δ(0) = δ(bm g (g)) = b(ng n−1 + (n − 1)a 1 g n−2 + · · · + a n−1 )δ(g) what forces that δ(g) = 0.
(c) If R is a domain of characteristic p > 0, R = {x p | x ∈ R} and p / ∈ π(G), then Der R[G] = 0. Clearly, for every r ∈ R there exists x ∈ R such that r = x p and then δ(r) = px p−1 δ(x) = 0. Moreover, δ(G) = 0 by Eqs. (4) and the assertion follows.
Proof of Theorem 1. Let G = D·F be a Chernikov group, where D is a normal, countable, divisible abelian group and F is a finite group. Obviously, D has an ascending series {D n } n∈N of finite Gnormal subgroups, such that D = ∞ n=1 D n . Let δ ∈ Der R R[G]. There exist elements x 1 := x D 1 and x n := x Dn of the form (5) (see Lemma 3) such that
. Then we have the following descending chain
Inner R-derivations of R[G]
If R is commutative, then IDer 
Since no each derivation of R[G] is inner in the case of a locally finite group G (see [16, Example] ), we obtain the next. Proof. The set Q := {g ∈ G | δ(g) = 0} is a subgroup of G because 0 = δ(1) = δ(hh −1 ) = δ(h)h −1 + hδ(h −1 ) = hδ(h −1 ), so δ(h −1 ) = 0 and δ(gh −1 ) = δ(g)h −1 + gδ(h −1 ) = 0 for any g, h ∈ Q. Clearly, δ(G) = {δ(g i ) | i = 1, . . . , n} and the subgroup H = g 1 , . . . , g n ⊆ G is finite (where n = |δ(G)|), so we conclude that δ |H = (∂ x ) |H for some x ∈ Z(R)[G] by Lemma 4(i).
Lemma 7. Let R be a ring and let G be a group such that each prime p ∈ π(G) is invertible in R. If δ ∈ Der R[G] and g ∈ τ G, then the following conditions hold:
Proof. (i) If n = |g|, then
what gives that α g,t = 0. The part (ii) it holds from (i).
We obtain the next generalization of [21, Theorem 1.1]. (ii) In as much as |G : Z(G)| < ∞, we deduce that δ(G) is finite in view of Lemma 7(ii). The rest holds from the part (i).
Proof of the Theorem 3. Let G be an infinite group with an ascending series of its subgroups H ≤ H, x 1 ≤ · · · ≤ H, x 1 , . . . , x n ≤ · · · such that G = ∞ n=1 H, x 1 , . . . , x n . There exist x, y n ∈ R[G] by Lemma 4(i), such that δ |H = (∂ x ) |H and δ | H,x 1 ,...,xn = (∂ yn ) | H,x 1 ,...,xn .
Then y n − x ∈ C R[G] (H) and so there exists n 0 ∈ N such that y m = y n 0 for all m ≥ n 0 . This yields that δ = ∂ ym .
Proof of the Theorem 4. The group ring R[G] is prime and every its non-trivial idempotent is non-central. 
Nilpotency and solvability of derivation rings
A group G is called p-abelian (p > 0) if its commutator subgroup G ′ is a finite p-group. A ring R is called Lie hypercentral, if for each sequence x, x 1 , . . . , x n , . . . ∈ R, there exists m ∈ N such that [x, x 1 , . . . , x m ] = 0. Analogously we can defined the notion of a hypercentral Lie ring. Proof of the Theorem 5. Let D := Der B.
(i) Assume that D is nilpotent. The ring B is commutative by Lemma 9(iv) and δ(B) 2 = 0 for any δ ∈ Z(D) by Lemma 9(ii) and δ(B) = 0 in view of the semiprimeness of B and Lemma 9(ii). This means that δ = 0 and thus D = 0.
(ii) Now assume that the Lie ring D is solvable. The ring B is a commutative by Lemma 9(iv) and consequently D is a left B-algebra. Assume that the algebra D is nonzero, A is the last nonzero member of its derived chain, d, δ ∈ A and b ∈ B. In as much as A is abelian and bd ∈ A, Eqs. (6) imply that δ(b)d = 0. This yields that (δ(B)B) 2 = 0. The semiprimeness of B implies δ(B) = 0, a contradiction.
Proof of the Theorem 6. If every prime p ∈ π(G) is invertible in F, then F[G] is a semiprime ring (see [18] ). The rest holds from Theorem 5 and Proposition 3.
We need the next A group G is called n-divisible (n ∈ N) if, for each g ∈ G, there exists h ∈ G such that g = h n .
Proposition 4. Let R be a ring and let G be a torsion group such that each p ∈ π(G) is invertible in R (respectively nR = 0 and G a n-divisible group for some n ∈ N). (see Lemma 10) . If nR = 0 and G is a n-divisible group, then [h n , a] = n h n−1 [h, a] = 0 (see Lemma 10) . Thus [g, a] = 0 in both cases, so [g, h] = 0 by induction. Consequently, G is abelian and Der R R[G] = 0 in view of Theorem 2.
Case of nilpotent groups
Each nilpotent group G of class m has a central series
Lemma 11. Let R be a ring such that nR = 0 for some n ∈ N, G a divisible torsion-free nilpotent group of the nilpotent length m and δ ∈ Der R[G]. Then I R (Z k ) is a δ-ideal for each k = 1, . . . , m.
Proof. Each subgroup Z k is divisible and normal in G. Moreover, δ(Z 1 ) ⊆ Z(R[G]). Now we have δ(rg(z − 1)) = δ(r)g(h − 1) + rδ(g)(h − 1) + rgδ(h) and δ(h n ) = nh n−1 δ(h) = 0 for any r ∈ R, g ∈ G and z ∈ Z 1 . We deduce that δ(I R (Z 1 )) ⊆ I R (Z 1 ). There is a Lie ring
. In as much as δ ϕ (I R (Z 2 /Z 1 )) ⊆ I R (Z 2 /Z 1 ) and we have the following ring isomorphisms
we conclude that δ(I R (Z 2 )) ⊆ I R (Z 2 ). Thus the assertion follows by induction.
Proposition 5. Let R[G] be the group ring of a nilpotent group G of class cl(G) = m ≥ 2 over a ring R. If G is torsion and π(G) ∩ π(F (R)) = ∅ (respectively G is torsion-free and nR = 0 for some n ∈ N), then each I R (Z i ) is a δ-ideal (i ≥ 1) and
Moreover, if G is a torsion abelian group and π(G) ∩ π(F (R)) = ∅ (respectively G is an abelian torsion-free group and nR = 0 for some n ∈ N), then Der R R[G] = 0.
Proof. Assume also that δ ∈ Der R R[G], r ∈ R, g ∈ G, a ∈ Z 1 and δ(g)
Obviously, δ(Z 1 ) ⊆ δ(Z(R[G])) ⊆ Z(R[G]) and L δ : Z 1 → R + is a group homomorphism by Lemma 1(iii). Therefore, a −1 δ(a n ) = δ(1) = 0 if a is of order n (respectively nL δ (a) = 0) and thus δ(a) = 0 in view of Eqs. (3) . So, we obtain that δ(Z 1 ) = 0. The ideal I R (Z 1 ) is a δ-ideal by and so δ(x −1 ) = −x −1 δ(x)x −1 = −x −2 δ(x). Thus δ(α) = n∈Z δ(a n )x n + n∈Z a n δ(x n ).
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